In this paper, we construct an algorithm for determining whether a given tessellation on a sphere is a spherical Laguerre Voronoi diagram or not. For spherical Laguerre tessellations, not only the locations of the Voronoi generators, but also their weights are required to recover. However, unlike the ordinary spherical Voronoi diagram, the generator set is not unique, which makes the problem difficult. To solve the problem, we use the property that a tessellation is a spherical Laguerre Voronoi diagram if and only if there is a polyhedron whose central projection coincides with the tessellation. We determine the degrees of freedom for the polyhedron, and then construct an algorithm for recognizing Laguerre tessellations.
Introduction
The Voronoi diagram is one of the most useful representations for tessellations in computational geometry. The fundamental concepts, generalizations, and applications have been studied widely, e.g., [1, 2] . Here we are concerned with weighted Voronoi diagrams called Laguerre Voronoi diagrams, which are also known as a power diagrams. This class of Voronoi diagrams are important because the boundaries are linear instead of curved.
The Laguerre Voronoi diagram was introduced by [3, 4] . Briefly, for a set S of n spheres s i = (x i , r i ) in R d , where x i is the position of the center and r i is the radius, which is equivalent to the generator weight, the Laguerre distance
In [5, 6] the correspondence between the Laguerre Voronoi diagram in R d and a polyhedron in R d+1 was investigated. Then using the correspondence, an algorithm for constructing the Laguerre Voronoi diagram was presented in [3, 4] , and a robust version was presented in [7] . The Laguerre Voronoi diagram can be extended for tessellations on a sphere as defined in [8] . Applications of the spherical Laguerre Voronoi diagram were also studied in [9, 10] for modeling objects with spheres.
It is sometimes necessary to consider the inverse of the above problem: the determination of whether or not a given tessellation is the Voronoi diagram.
If it is, we can recover the corresponding generators. This problem is known as the Voronoi recognition problem, and was studied in [11, 12, 13, 14, 15, 16] . On the other hand, if the tessellation cannot be represented by a Voronoi diagram, we approximate it with the best fitting Voronoi diagram; this is called the Voronoi approximation problem. Examples of the Voronoi approximation problems are found in [17, 18, 19, 20, 21] , for unweighted Voronoi diagrams.
These approximations have a number of useful applications, for instance, if we have a tessellation that is found in the real world, and we can approximate the tessellation with a Voronoi diagram, we can use this Voronoi diagram as a model for understanding the pattern's formation.
The inverse problems were widely studied for the case of ordinary Voronoi diagrams, whereas relatively little work has been done for Laguerre diagrams.
Duan et al. [22] considered the inverse problem for the planar Laguerre Voronoi diagram, and presented an algorithm for recovering the generators and their 2 weights from a tessellation. Lautensack [23] and Lyckegaard et al. [24] used Laguerre Voronoi diagrams to study the relation between structures and their physical properties. Recently, Spettl et al. [25] This paper is organized as follows. In Section 2, we provide the definitions and theorems which are necessary for our study. The recognition problem is also mathematically defined in this section. In Section 3, we focus on the properties of projective transformations which transform a polyhedron associated with a spherical Laguerre Voronoi diagram to other polyhedra in the same class.
In Section 4, we give algorithms for constructing a polyhedron from a given tessellation and for judging whether a given tessellation is a spherical Laguerre
Voronoi diagram. Finally, we summarize our research in Section 5, and give suggestions for future work. 
Preliminaries
In this section, we provide the necessary definitions and theories on the spherical Laguerre Voronoi diagram. Then we state the problem considered in this paper.
We first present some fundamental definitions from spherical geometry.
Let U be a unit sphere whose center is located at the origin O(0, 0, 0) of a Cartesian coordinate system.
For two distinct points p, p i ∈ U with position vectors x, x i , respectively, the geodesic arc Û e p,pi of p, p i is defined as the shortest arc between p and p i of the great circle passing through p and p i . The geodesic arc length, also called the geodesic distance, is given as follows,
In this paper, we focus on spherical tessellations. We define the spherical polygon as follows.
Let (q 1 , ..., q m ) be a sequence of distinct vertices on the sphere such that the geodesic arcs Û e qi,qi+1 (i = 1, ..., m; q m+1 is read as q 1 ) do not intersect except at the vertices. The left area enclosed by the collection of these geodesic arcs is called the spherical polygon Q(q 1 , ..., q m ). Q(q 1 , ..., q m ) is abbreviated as Q hereafter.
The spherical polygon Q is said to be convex if and only if no geodesic arc joining the two points in Q goes outside of Q.
T is said to be a spherical tessellation if T is a decomposition of U into a countable number of spherical polygons whose interiors are pairwise disjoint. T is said to be convex if all of these spherical polygons are convex.
Next, we consider a special case of a spherical tessellation. Let G = {p 1 , ..., p n } be a set of points on the sphere U . Assignment of each point on U to the nearest point in G with respect to the geodesic distance forms a tessellation, which is called the spherical Voronoi diagram on the sphere U . Algorithms for constructing the spherical Voronoi diagram were provided in [26, 8] .
We can generalize the spherical Voronoi diagram to the spherical Laguerre Voronoi diagram. The necessary definitions and theorems were originally presented in [7, 8] . We briefly introduce those definitions and theorems as follows.
For a given sphere U and point p i ∈ G, the spherical circlec i centered at p i is defined byc
where 0 ≤ r i < π/2. r i is called the radius of the spherical circlec i .
Following [8] , we define the Laguerre proximity, the distance measured from an arbitrary point p on the sphere U to a spherical circlec i , as follows,
Letc i andc j be two circles. The Laguerre bisector ofc i andc j is defined by
For a setG = {c 1 , ...,c n } of n spherical circles on U , we define the regioñ In [7, 8] , an algorithm for constructing the spherical Laguerre Voronoi diagram and its dual, i.e., the spherical Laguerre Delaunay diagram, was proposed. Throughout this paper, the term spherical polygon is abbreviated as polygon.
Let T be the given convex spherical tessellation on the unit sphere U having n polygons. We assume that all vertices of T are of degree 3.
The main concern of this paper is to judge whether or not a given tessellation
T is a spherical Laguerre Voronoi diagram.
Polyhedron Transformation
From the definition and theorems of the spherical Laguerre Voronoi diagram in the previous section, the following proposition state the correspondence between the spherical Laguerre Voronoi diagram and a polyhedron. Inversely, let L be a given spherical tessellation and P be a convex polyhedron containing the center of the sphere such that its central projection coincides with L. If there exists a plane P i such that P i does not intersect U , shrink the polyhedron P so that P i intersects U for all i. Laguerre Voronoi recognition problem, we will construct an algorithm to find those polyhedra.
To find these polyhedra, we study the transformation of the polyhedron that preserves the projection onto the sphere U . Let P 3 (R) be the three-dimensional projective space. The following properties are the requirements for the transformation.
. f is said to be the projection preserving mapping with respect to the origin O if f satisfies the following properties:
2. For any point v ∈ P 3 (R), v and f (v) are on the same line passing through
O.
Let v a = (t a , x a , y a , z a ) ∈ P 3 (R) be a homogeneous coordinate representation of a vertex of the polyhedron P in the projective space. We define a map
where α, β, γ, δ, η ∈ R and α = 0, η = 0. Proof. We now prove that the map f satisfies the conditions in Definition 3.2.
It is easy to verify that
where v a lies on the line passing through the origin L a of v a .
where Λ = αt a + βx a + γy a + δz a .
Note that for the transformed point v a = (Λ, ηx a , ηy a , ηz a ) in the projective
is a point in the space R 3 which implies that v a lies on the same line as v a , which concludes the proof.
Since the transformation is a projective map, it preserves the planarity of faces of a polyhedron. Also, by the reason that f satisfies the projection preservation property, the transformed point f (v) is on the same line as v passing through O. However, the transformation as defined in (3.7) does not guarantee the convexity of the projected polyhedron because some vertices may be mapped to the other side of the origin. Note that if α = η = 1 and β = γ = δ = 0, the map f is an identity map. The set of the transformations of the form (3.7)
form a continuous group, and hence for each convex polyhedron P, there exists a positive constant such that for any − ≤ α − 1, η − 1, β, γ, δ ≤ , the transformation (3.7) maps P to a convex polyhedron.
Note that the transformation is uniquely determined if we fix the five parameters α, β, γ, δ, and η. However, the homogeneous coordinate representation itself has one degree of freedom to represent each point. Hence, the choice of the polyhedron transformed from P by (3.7) has four degrees of freedom.
Algorithms

Recognition procedure
In the previous section, the existence of the class of polyhedra whose projections coincide with the given spherical Laguerre Voronoi diagram is proved by Theorem 3.3. In this section, we propose an algorithm for constructing a polyhedron with respect to a given tessellation. Let T be a given spherical tessellation. If a polygon i is adjacent to a polygon j, then there exists a geodesic arc Û e i,j which is a tessellation edge partitioning polygons i and j. The tessellation vertex that is the intersection of edges Û e i,j , Û e j,k , and Û e i,k is denoted by v i,j,k , as shown in Figure 2 . During the algorithm, i,j is defined as the line intersecting π(c i ) and π(c j ). The following algorithm is for the construction of the first three planes of the polyhedron corresponding to the three polygons i, j, k.
Algorithm 1: Plane Construction with Three Adjacent Sites
Input: Tessellation edges Û e i,j , Û e j,k , Û e i,k , and degree-three tessellation vertex
Output: The three planes P i , P j , P k with respect to polygons i, j, k.
Procedure:
1. select a spherical circlec i with center p i ∈ U and radius r i in polygon i.
2. construct a plane P i := π(c i ) of the spherical circlec i ;
3. construct a plane P i,j , P i,k , P j,k passing through Û e i,j , Û e i,k , and Û e j,k , respectively; 4. find the line i,j by intersecting P i and P i,j , and i,k by intersecting P i and P i,k ;
5. construct a geodesic arc Û e c i,j such that Û e c i,j passes through p i and is perpendicular to Û e i,j ;
6. choose a point q j in polygon j on the arc Û e c i,j ; 7. construct the plane P j passing through i,j and q j ; 8. find the line j,k by intersecting the planes P j and P j,k ; 9. construct the plane P k passing through the line i,k and j,k .
end Procedure
In step 8 of Algorithm 1, j,k is constructed from the intersection of P j and P j,k which is used in step 9 of the Algorithm 1. The following lemma guarantees the co-planarity of i,k and j,k . Lemma 4.1. i,k generated in step 4 of Algorithm 1 and j,k generated in step 8 are co-planar.
Proof. From Algorithm 1, suppose that the construction sequence is (i, j, k).
Then there exists an intersection between planes P i and P i,k and P i,j , written as i,k and i,j , respectively which are obviously coplanar. Since P i,k and P i,j pass through Û e i,k and Û e i,j such that Û e i,k intersects Û e i,k at v i,j,k , there exists a line i,j,k which is the intersection of P i,k and P i,j . Therefore, there exists the intersection point of i,k , i,j and i,j,k , says V i,j,k .
By step 7 of Algorithm 1, the plane P j is constructed through i,j , and also V i,j,k . Then j,k is constructed through the intersection of P j and P j,k . Hence, V i,j,k is laid in the line j,k . Since V i,j,k ∈ i,k and V i,j,k ∈ j,k , there exists the unique plane passing through i,k and j,k which implies that i,k and j,k are co-planar.
We next extend this process to construct all planes P 1 , ..., P n corresponding to the polygons 1, ..., n of the given tessellation.
Let V i be the set of vertices of the i-th spherical polygon. Note that V i is written as V i = {v i,j1,k1 , ..., v i,jm,km } where m is the number of vertices of the i-th spherical polygon. The set of spherical tessellation vertices is denoted by
Algorithm 2: Construction of n planes Input: Spherical tessellation T where all vertices are of degree 3, and the set V of tessellation vertices.
Output: The planes P 1 , ..., P n with respect to the polygons 1, ..., n, and Mark(v) ∈ {0, 1} for v ∈ V.
Comment: P is the set of planes constructed in the procedure.
1. make P empty;
2. set Mark(v) = 0 for all v ∈ V;
3. choose an arbitrary vertex v i,j,k ∈ V and employ Algorithm 1 to construct
4. add the planes P i , P j , P k to P;
6. while there exists vertex v p,q,l ∈ V such that Mark(v p,q,l ) = 0 and exactly two planes P p , P q are included in P, do apply steps 3, 4 of Algorithm 1, where (i, j, k) are read as (p, q, l), to find p,q and p,l ; compute q,l from the intersection of P q and P q,l ; compute p,q,l from the intersection of P q,l and P p,l ;
compute V p,q,l from the intersection of P p and p,q,l ; choose a point v q,l on the line q,l ; construct a plane P l from the point v q,l , V p,q,l and line p,l .
add P l to P;
set Mark(v p,q,l ) = 1;
end while end Procedure
In step 6 of Algorithm 2, for any arbitrary planes P p , P q ∈ P to construct a plane P l , the choice of the point v q,l from the line q,l affects the uniqueness of the plane. That is, it takes a degree of freedom for each v q,l . However, if the given tessellation T is a spherical Laguerre Voronoi diagram, then a point v q,l in step 6 of Algorithm 2 is arbitrarily chosen to obtain the unique plane P l passing through p,l and q,l , which means that there is no degree of freedom in the choice of v q,l . For that purpose, we claim that for any point v q,l on the line q,l and p,l are co-planar, which is proved by the following lemma. Proof. Let T be a spherical Laguerre Voronoi diagram. We prove V p,q,l ∈ q,l to imply that any choices of v q,l on q,l gives the same plane P l passing through V p,q,l , p,l and q,l .
In the step 6 of Algorithm 2, suppose that v p,q,l is the tessellation vertex of the adjacent polygons p, q, l. Suppose that there are planes P p , P q ∈ P.
By Theorem 2.2, p,q of the intersection of P p and P q is laid on the plane P p,q passing through the geodesic arc Û e p,q . Note that the line p,q,l of the intersection of planes P p,q and P q,l is also included in P p,l , and the intersection V p,q,l of P p and p,q,l is on the lines p,q and p,l .
Using the fact that p,q lays on the plane P p,q of Û e p,q and Theorem 2.2, it is implied that p,l ,the intersection of P p and P p,l , and q,l , the intersection of P q and P q,l , intersect at V p,q,l , which means that V p,q,l ∈ q,l . Therefore, there exist a unique plane P l independent from the choice of v q,l .
In Algorithm 1, we arbitrarily choose the first spherical circlec i (i.e., with generator position p i and radius r i ), and the generator position with the choice of q j of the adjacent polygon j which lies on the geodesic arc Û e Proof. To prove this theorem, we will derive the lower and upper bounds for the degrees of freedom in the choice of the polyhedron.
The lower bound is four as we have seen in Theorem 3.3 and the discussion immediately after the theorem.
For the upper bound, we show that if we have two polyhedra P and P whose projections give the same spherical Laguerre Voronoi diagram, P is transformed to P by the transformation (3.7).
Let P and P be two different polyhedra whose central projections give the same spherical Laguerre Voronoi diagram. Assume that P i and P j are planes containing mutually adjacent faces F i , F j of P. Then there are vertices
Without loss of generality, we choose vertices v i,m1,m2 ∈ F i and v j,n1,n2 ∈ F j of the polyhedron P. Note that the remaining polyhedron vertices are uniquely constructed by Algorithm 2 and Lemma 4.2.
On the polyhedron P , we consider the polyhedron vertices v i,j,k1 , v i,j,k2 ∈ F i ∩ F j and v i,m1,m2 ∈ F i and v j,n1,n2 ∈ F j . Then there exists a transformation f which transforms the vertices v i,j,k1 , v i,j,k2 , v i,m1,m2 , v j,n1,n2 to the vertices
Let P be the polyhedron transformed by f from P. Since the first four n1,n2 ) , and all the other vertices are determined by Algorithm 2, P is the same polyhedron as P . This means that the upper bound of the degrees of freedom is four.
Thus, the degrees of freedom for choosing the polyhedron are exactly four.
Note that in Algorithm 1, we choose 4 parameters arbitrarily, two for p i , one for r i in step 1 and one for q j in step 6. Therefore, if the given tessellation T is a spherical Laguerre Voronoi diagram, the projection of the arrangement of the planes constructed by Algorithm 2 on the sphere gives T for any spherical circlec i and the point q j is chosen in Algorithm 1.
We have the following corollary which is directly implied from Lemma 4.2, Algorithm 2, and Theorem 4.3. 1. there exists the unique point V i,j,k of the intersection of the plane P i , P j , P k ∈ P; and 2. there exists t ∈ R\{0} such that V i,j,k = tv i,j,k .
Proof. Firstly, let T be a spherical Laguerre Voronoi diagram and v i,j,k ∈ V.
Without loss of generality, assume that P i , P j are constructed sequentially. By Lemma 4.2, P k is uniquely determined from P i and P j which is constructed from i,k and j,k . Hence, V i,j,k ∈ P i ∩ P j ∩ P k uniquely. In addition, since As mentioned before, the uniqueness of the plane P l constructed from P p and P q is up to the choice of the point v q,l in the step 6 of Algorithm 2. v p,q,l , the plane P l constructed from P p and P q in Algorithm 2 passes through the intersection point V p,q,l on the line p,q,l passing through v p,q,l . Therefore, it is sufficient to check the consistency in Algorithm 3 among the unmarked vertices.
Algorithm 3: Spherical Laguerre Voronoi Diagram Recognition
Input: The tessellation T , the set P and Mark(v), v ∈ V constructed from Algorithm 2.
Output: "true" or "false".
Comment: "true" means that T is a spherical Laguerre Voronoi diagram.
Procedure:
1. choose an unmarked vertex v p,q,l ;
2. if compute the intersection V p,q,l of planes P p , P q , P l ∈ P, there exists t ∈ R such that V p,q,l = tv p,q,l then 
We store vertices with key values less than or equal to 2 in the heap according to the key function so that the root node has the largest key value. For each repetition of step 6 in Algorithm 2, the root node is deleted from the heap, and the vertex contained within is set to v p,q,l . After we construct the plane, we update the key function. Then we remove nodes which have a key value of 3.
The other nodes whose key values have been changed are relocated in the heap.
We repeat this process until all nodes have been removed from the heap. Adding and removing a node from the heap requires O(log n) time. Since the spherical tessellation is planar, the number of vertices is O(n). Hence, the complexity of step 6 in Algorithm 2 is O(n log n).
After we obtain the planes P 1 , ..., P n from Algorithm 2, the construction of the polyhedron can be performed using the intersection of halfspaces, including the origin, which requires O(n log n) time.
In Algorithm 3, we have to check unmarked vertices. For each vertex, we pick the planes of the corresponding polygons and find the intersection of three planes at the vertex which take the time complexity O(1). Therefore, the complexity of Algorithm 3 is O(n) through the unmarked vertices.
Summarizing the above considerations, we have proved that the complexity of the spherical Laguerre Voronoi diagram recognition is O(n log n).
Interpretation of the generators
Once the tessellation T is judged as a spherical Laguerre Voronoi diagram, by Algorithm 1, 2, 3, we can construct the associated set of generators in the following way.
First, shrink the polyhedron constructed by Algorithm 2 so that all the planes intersect with U . Next, collect all the intersections, i.e., circles, between the planes and U . The resulting set of circles is the set of generators. Note that the generator set is not unique. The set of circles obtained by the above procedure is an example of the generator set.
Concluding Remarks
We proposed an algorithm for determining whether a spherical tessellation From the perspective of practical applications, we [10] recently presented an algorithm for finding the spherical Laguerre Voronoi diagram which most closely approximates a tessellation, using an example of a planar tessellation extracted from a photo taken from a curved surface with generators. For the case that a given spherical tessellation does not contain generators, we may apply the proposed algorithms for approximating the generators and their weights. One of our future areas for study is the application of the algorithms presented here to the analysis of polygonal patterns found in the real world.
